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A Fondamental Question

,[ Domino Problem ]

Given a finite set of tiles,
can you tile the plane with copies of these tiles ?

\. J

'[ Exercise (5 minutes) ]

Cover the largest possible square with the following pieces :

P BRI 0] [ L3 8]t i
AVWILWA

Could you tile the floor of your living room ?

Thanks to Xavier Provengal and ETS for the laser cutting
(Ecole de technologie supérieure, Montréal, décembre 2025).
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e Small aperiodic sets of Wang tiles
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Periodic tiling

A tiling is periodic if it is invariant under at least one nonzero
translation.
Ex :the 15 types of tilings with convex pentagons are periodic :

Type | Type2 Type 3
A+ B+ C=360 A+B+D=360°, A=C=D=120°,
a=d. a=b,d=c+e.
o % g \ ’ )
¢ b . B 5 A
a a b i
Type4d Type § Type 6
A=120°, A+B+D=360°,
C=60°, A=2C,
a=b,c=d. a=b=e,c=d.
.
q B
d a d
»
r b z
Type 8 40} Type 9 o
24+ B=360°, 2E+B=360°,
2, 60°,

2D+ C=360°, 2D+ C=3
d. a

ﬁ Teruhisa SUGIMOTO, Convex Pentagons with Positive Heesch Number,

arXiv:1802.00119v2; https://fr.wikipedia.org/wiki/Pavage_pentagonal
7/30


http://arxiv.org/abs/1802.00119v2
https://fr.wikipedia.org/wiki/Pavage_pentagonal

Periodic tiling

A tiling is periodic if it is invariant under at least one nonzero

translation.

Ex :the 15 types of tilings with convex pentagons are periodic :

Type 10

A=90°,B+E=180°,
2D+ E=360°,
2C+B=360°,
a=b=cte.

Type 11

A=90°,

C+E=180°,
2B+ C=360°,
d=e=2a+c.

Type 12

A=90°,

C+E=180°,
2B+ (C=360°,
2a=d=c+e.

Type 15
A=90°,B=150°,
C=60°,
2a=2b=2d=c.

[& Teruhisa SUGIMOTO, Convex Pentagons with Positive Heesch Number,
arXiv:1802.00119v2; https://fr.wikipedia.org/wiki/Pavage_pentagonal
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Wang tiles

PROVING THEOREMS BY PATTERN RECOGNITION — II 23
5 4
1| A (2 2| B (3 3] C |1
4 3 5

Then we can easily find an infinite solution by the following argument.
The following configuration satisfies the constraint on the edges:

A B C
C A B
B C A

Now the colors on the periphery of the above block are seen to be the
following:

Wang’s original question : is it true that a set of Wang tiles tile the
plane if and only if there exists such a cyclic rectangle ?
@ H. Wang. Proving theorems by pattern recognition — II. Bell System Technical

Journal, 40(1) :1-41, January 1961. doi:10.1002/3j.1538-7305.1961.tb03975.X  g,30


http://onlinelibrary.wiley.com/doi/10.1002/j.1538-7305.1961.tb03975.x/abstract

Aperiodic Wang tile sets

@ Berger (1966) proved the domino problem is undecidable.

@ Berger provided aperiodic sets of 20426 and 104 (or 105 ?) tiles.
@ The search for a smallest aperiodic set ended in 2015.
Aperiodic sets of Wang tiles

Substitutive

e 20426 : Berger (1966)
' e 104 : Berger (1966)

J Metallig mean : 4 92 : Knuth (1968)
Wang tiles : i 56 : Robinson (1971)

— Positive entropy

e 14 : Kari (1996)
e 13 : Culik (1996)

2 .
« extensions [ENP07] (@SS « 16 : Ammann (1971)

x> —nx —1 « 11 : Jeandel-Rao (2015)

frmmmmmm—————

— Matching rules satisfy arithmetic Equations J

@ Metallic mean Wang tiles | : self-similarity, aperiodicity and minimality.
Forum of Mathematics, Sigma 13 (2025) e133. doi:10.1017/fms.2025.10069
@ Metallic mean Wang tiles Il : the dynamics of an aperiodic computer chip.

Forum of Mathematics, Sigma 13 (2025) e155. doi:10.1017/fms.2025.10098
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Jeandel-Rao’s set of 11 Wang tiles

i Théoréme (Jeandel, Rao, 2015)
All sets of < 10 Wang tiles are periodic or don’t tile the plane.

F[ Théoréeme (Jeandel, Rao, 2015)
The following set of 11 Wang tiles is aperiodic :

B PR B X DN

An equivalent geometrical encoding :

T ORI LA L] ke

ﬁ Emmanuel Jeandel and Michaél Rao. An aperiodic set of 11 Wang tiles.
Adv. Comb. 37 (2021) Id/No 1.
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Quasicrystals

1982 (Shechtman) : observed that aluminium-manganese alloys
produced a quasicrystals structure. 2011 Nobel Prize :

“His discovery of quasicrystals revealed a new principle for packing of
atoms and molecules [that] led to a paradigm shift within chemistry”

NS
SRR
ﬁgﬂ‘t“%}%ﬂ&‘

od

SHOHKD
sl el

Penrose tiling (1976)

g
Smith (2023) Darb-e Imar;i, Iéfahan, Iran (1453)

en.wikipedia.org/wiki/Quasicrystal, en.wikipedia.org/wiki/Darb-e_Imam

Location of the complex in Iran
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Outline

e One-dimensional crystallography and golden mean
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1D Crystal of even and odd numbers

<& even
® odd o 1 2 3 4 5 6 7 8 9 10

13/30



1D Crystal of even and odd numbers

$ even
® odd

0

The odd/even in base 2 has frequency ; :

Fréquence = 1.73205

4
- 1.0¢

R ¢
0.5 A
°
L ¢

A
-20 -05

—°®-

%o
L]

<&
°

<

Fréquence = 0.50000

1.0

0.5 1

| pair_ — 1
*!ImP3AIr b _1.0 -05

—0.51

—-1.04

1.0

0.5 1

* pair -
cimpair T, _ B0 05
—0.5 1

-1.04

9 10

Fréquence = 0.50500

* pair
* Impair i,
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Decimal, binary, hexadecimal and Fibonacci Syst

2026 =2 x10004+2 x10+6 x 1
=2-10°+0-102+2-10" +6-10°
= (2026)1¢ (used by certain Homo Sapiens)

2026 = 1024 + 512 + 256 + 128 + 64 + 32+ 8+ 2
— 010 4 99 4 98 | 57 | 96 L 95 | 53 | of
= (11111101010)>

2026 =7-16% +14-16" + 10 - 16°
= (7EA) hex (used by certain computer)

2026 = 1597 + 377 +34 +13+5
=Fis+Fio+F+Fs+Fs
= (1001000010101000) Fipo (used by some crystals/tilings)

..usingFo =1, Fy =2 and Fpy1 = Fn + Fp_q
14/30



One-dimensional crystallography

n | (n)2 parity | (n)gpo Fibo-parity
0 0 < 0 <
1 1 { ] 1 { ]
2 10 o 10 <
3 11 { ] 100 <o
4 100 Lo 101 o
5 101 { ] 1000 <o
6 | 110 ¢ 1001 °
7 111 { ] 1010 <o
8 1000 o 10000 o
9 1001 o 10001 o
10 | 1010 <o 10010 <o
11 [ 1011 o 10100 o
12 11100 <o 10101 { ]
13 | 1101 o 100000 o
14 | 1110 <o 100001 { ]
1511111 o 100010 o
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1D Crystal 1D of even-Fibo and odd-Fibo humbers

& even
@ odd o 1 2 3 4 5 6 7 8 9 10

—O— OO0 00— —
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1D Crystal 1D of even-Fibo and odd-Fibo humbers

& even
@ odd o 1 2 3 4 5 6 7 8 9 10

The odd/even in Fibonacci base has frequency %(1 +5)~1.618:

Fréquence = 1.73205 Fréquence = 1.61803
O ]
‘.0 0.5
.:0 —O 5 ] i :ﬁggair
v o
‘\~ 0.5 : l
'“—g;.‘.o/

This crystal is not periodic, it is a quasicrystal !
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Outline

0 Jeandel-Rao aperiodic tilings
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A 100 x 100 patch

The file https://members.loria.fr/EJeandel/research/100.txt contains :

ligne 0: ©001111100111000001110001100000111000111110001100. ..
ligne 1: 7456666675666745756667456674575666745666667456674 . ..
ligne 2. 3a574572875743a2875743a5743a2875743a5745743a5743a.. . .
ligne 3 3873a2873873a3873873a3873a3873873a3873a43a3873a38.. ..
ligne 4 : 9999873999999999999999999999999999999992399999999. ..
ligne 5 : 0000111000000000000000000000000000000001100000000 . . .

The first 6 rows (limited to 20 columns) are :

18/30
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Wrapping the rows on a circle

ligne 35 : 73a43a3873a2873a43a3873a2873873a2873a43a3873a2873...
ligne 36 :  999a399999873999a39999987399999873999a39999987399.. ..

ligne 58 :  73a43a2873a43a3873a2873a43a2873a2873873a2873a43a2. ..

Wrapping these rows on a circle using the golden ratio frequency
gives :

Fréquence = 1.61803 Fréquence = 1.61803

Fréquence = 1.61803
_,4k”““““n& N'“lﬂ "_‘ﬁhz :r,L. .
_'_- ! Ty =
= 0.5 05 ", 3 05
7 ' 3 ' i ' %
= o 1 X
) [} i 3
§ } §
L0 -05 05 10 -k0 05 1 05 lo —i0 Zos ] 05 130
/A !

|
o
NP WS
®
-
|
I
o1 4 x =
~Nowoe ©
°
\%%&x o]
T
|
o
NP WS
°
‘o
%

|I |
2 LT oy
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Experiment (step 1)
Wrapping on the 2-torus with frequency ('3° 180)_1 :

L0 ervvprmrepsvretatrmyretiysn gy e e e T e
ittsttatithdieiiihaiiottnitlanntlanthottaitlan abiaithagnthatbdagtlag, -
ittt
f118 51 i1 11110 s3hed i ds R i1 3 .
it &am.iotwzgmg‘mmmtmmm.'n S e
e
3322 2! 2333 2! 3! 3! 3! 8 3. 3. 3322 3. 11 21 N
e
3 3 4 3 ik dedl dstdadl f stded -
06 *§n:;,g 3 ag RN ;';f agsﬂ:t ity ;,m;,::t;;t;,s::ﬁi::;,tgéﬁﬁu.%sgﬁ; :
éi;*i?iﬁi‘iii" e taix‘i'if’é;’??i*if‘iii;ﬁ%i%??ﬂ?ﬁi%i’?ﬁ

233y i3 i3 3! 2313 3! 3! 3! 3. 1322 $1 3!

il ;otgmxmm.&4w.%mm.immtw.im.tsxmm ' gmxm.;g

0.

®
COND WOUNTENHO

il I

e
wh i e 33 datbadly ikt Hisnin e

0 gm:;fi:t;, ;,ii ;,misg g:tisﬂ:gf il ,tg,m;,izt ;ig:ni;;t;;iﬁizui;:ﬂ:isﬂ%;;,

z;uv:ig;‘ ;*3 ;t;¥ 5 3; i ,fi g‘; igv:’ ¥0‘§ ; '1 i ;! é; iig.‘ ; 23 v*‘ i“;‘*ﬂvﬂ;:

R R e R R

gotii;s;msma::;miws:;ax.te:x.tstm.msﬁl:;x.m;otx.mwts:n.&:zmm

02 04 06 08 10

Using frequency 11@ horizontally and vertically is a trick to make the

points represent the tiling itself.
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Experiment (step 2) »
Wrapping on the 2-torus with frequency (‘6’ 18()) :

1.0 "'"mwvwwmmngnmwvwwvwmnxnmnmntnmwvwwvwm "
§ii ] wiHIHEIIMINY ilysninnig zttt .
HE e e

ggu m&gm;‘gmm m '

0.8 =

T ey §ﬁ ﬂfﬁf'
A::g@z;ﬁz;;“‘“ggvmuwmwvw% W“!“ggzﬁgu‘ Bigt .
mmmmm;g;ﬂmatmmmmxm P TR
HHEME pmnma s s naiam g ST e e i i
T TR T T b tgummum #
iR e e
Brumuings TR
fidt @iy { aatgudii e
Lt s
neman fiddide
B

©CONY WOUTANHO

0.6

Sobom
13388

0.4

73

manmninat G A R maat)
Pt W i Mﬁmm aiﬂg"'"%
EE:3: -2 333 %) :1%:3: b§:8:
skttt b g o P mn% "’ﬁnm
maswuwmm;gM&wmmmmtﬁﬁ;.....m.uia snmn

02 04 0.6 08 1.0

0.2

This makes each row in the patch to wrap around a circle (shown

horizontally on the image above) with golden mean frequency.
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Experiment (step 3) »
Wrapping on the 2-torus with frequency (“" Sais) .

©OND WOUTANHO

13311211
u:::um
T AT I I T W IRV AT W IR Y
XKHMH!HHSO i ii]iSS!QH‘HHH”W!!VH
A i W
uuukum

iEaiRae

This makes sense because the vertical distance (or return time)
between rows involving tiles labeled #0 and #1 is 4 or 5 with an
average of ¢ + 3 ~ 4.618 as noticed already by Jeandel and Rao. 3,



Experiment (step 4)

—1
Wrapping on the 2-torus with frequency (“6’ <p]rs) .

A,
....'.',k.‘ﬂ,"h,'ill i
ik

COND WOUIRNHO

A shear is happening in Jeandel-Rao tilings.
This is one of the reasons that makes the description of Jeandel-Rao
tilings more difficult, but certainly very interesting! T30



Rescaling to get Z2-action R, and partition P,

Step 4 of the experiment Rescaling
2 Fo mo 1 2
72 R R2/ (g . +3) zZ
Ro : (k,x) — x+ k.

(L,¢+3)

-0
-1
7
4
5
6
-3
-a
-2
8
9
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Jeandel-Rao aperiodic set of 11 Wang tiles

D IOEMI LI LI L3R ol

5757 4
symb. 287310 Wang
S 73999 | ——
B 11000 tiling
66745

W S. Labbé, Aperiodic order : from combinatorics to geometry via symbolic
dynamics, number theory and algorithms, Thése d’habilitation a diriger des
recherches (HDR), Université de Bordeaux, June 2025,

hal.science/tel-05138330
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Jeandel-Rao tiling solver tutorial
Sébastien Labbé, http: //uww.slabbe. org/blogue/2024/04/a-do-it-yourself-polygonal-partition-to-construct-jeandel-rao-tilings/, May 2024

Step 1. Create copies of a geometric version of the 11 Jeandel-Rao Wang tiles: Step 4. Encode each lattice point by the label of the atom of the partition it
falls in:

BRI

Step 2. Print the following polygonal partition (1 unit = SCm)

Step 5. The above pattern encodes a valid patch using Jeandel-Rao tiles:

Step 3. Choose a random starting point on the partition and place the origin
of a lattice (1 unit = 3cm) at this point (rotation is not allowed):

Step 6. Repeat the process and try creating larger patches.

Note. If the tile size is the same as the lattice unit (3cm), then a tiling can be constructed without the lattice by placing tiles on top of the partition according
to some arbitrary point on cach tile (for example the lower left corner). This is a cut-and-project setup where the physical space and internal space unite.

S. Labbé. Markov partitions for toral Z*-rotations featuring Jeandel-Rao Wang shift and model sets. Ann. H. Lebesgue, 4:283-324, 2021. doi:10.5802/ahl.73.



Outline

e Conclusion (incl. a surprise :)
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The Baake, Gahler, Sadun C&P window

A partition of the window of a 4-to-2 cut and project scheme

Colors are associated to the four meta-pieces denoted T, H, P, F :

"The color code refers to the type of the tile whose control point is
plotted (orange for T-, blue for H-, green for P- and purple for F-tiles)."”

@ Michael Baake, Franz Géhler, Lorenzo Sadun,

Israel J. Math. 270 (2025) 449-485, doi:10.1007/s11856-025-2780-8
27/30
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Surprise
Last September 2025, in Montreal, Peter Selinger (U. Dalhousie,

Halifax, Canada) showed me a picture. Here is a reproduction of it :

... that he obtained studying the hat using the same procedure we
have done with Jeandel-Rao tilings by wrapping on the torus C/A

with lattice A = (¢2 + &, £(62 + €))z C Z[o, €] where ¢ = 145 and

& = exp(mi/3). Our preprint will on arxiv/our website soon (today ?).
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Selinger’s choice for the anchors

Key observation : these points live on a lattice.

Thus every tiling by the hat can be described as a map
7% - {-6,-5,...,5,6}

where 0 denotes no tile is anchored at that vertex.
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End

FEET -
casserole a induction flocon de neige

W K. G. Libbrecht. Snow Crystals : A Case Study in Spontaneous Structure
Formation. Princeton University Press, Dec. 2021. doi:10.2307/j.ctvlqdgztv

30/30


http://dx.doi.org/10.2307/j.ctv1qdqztv

Open questions on Jeandel-Rao tilings

@ Describe all of the 33 candidates of 11 Wang tiles listed by JR
recent progress was made by Thompson (2022) and Mann (2024)
partition for JR Thompson (2022) Mann et al. (2024)

17<p+3) 777 (29 +3)

(0,0) (#,0) (#,0)

W A. D. Thompson. “The Jeandel-Rao Aperiodic Wang Tilings of the Plane”. MSc in
Mathematics. The Open University, Milton Keynes, UK, May 2022

Hults, Jitsukawa, Mann, Zhang, Experimental Results on Potential Markov
Partitions for Wang Shifts arXiv:2302.13516

(0,0)
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http://arxiv.org/abs/2302.13516

4 slopes of Conway worms in Jeandel-Rao WS
Theorem (L., Mann, McLoud-Mann, 2023) ]

The minimal subshift Xy of the Jeandel-Rao Wang shift contains
exactly 4 nonexpansive directions whose slopes are

5
{0, e+3, -3p+2, —<p—i—2}.

(c)

It reminds of the cartwheel tiling in the context of Penrose tilings.

2/7



Ammann 16 Wang tiles are self-similar

16 tiles : 16 equivalent supertiles :

i1 3] 1
12|12 1|12 2|2 1
67172 67172
6 |2 6 | 2
3_6/6 4] |3_6/6_3
311 3] 2
1492t ] 2%2]2 1y

1 3 4 6

2 1([4”35 4|3 6 e

2 4 5 3 3°31375| (3. 6/6 4
4 1 3 1

3 3 4 6

4 4||4 6||5 3|3 3

5 3 4 4

2 2 1 2

3 5|6 4||l4 5[|6 3

1 1 1 2

4 5 3 5

1 21 2|2 21 1

6 3 6 4

(S . .
AN W Branko Griinbaum and G. C. Shephard. Tilings and patterns.

W. H. Freeman and Company, New York, 1987.

.

ﬁ M. Senechal. The mysterious Mr. Ammann. Math. Intelligencer, 26(4) :10-21,
2004. doi:10.1007/BF02985414
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0 . : 2
Kari’s 14 Wang tiles computing x5 and x2
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Théoreme fondamental de I'arithmétique

Théoréme fondamental de I'arithmétique ]

Tout entier strictement positif peut étre écrit comme un produit
de nombres premiers d’'une unique facon, a 'ordre prés des
facteurs.

2025 = 3* x 52 2027 = 2027
2026 = 2 x 1013 2028 — 22.3.132

Preuve de non-périodicité de Kari : Supposons qu’il existe un
rectangle cyclique d’hauteur n > 0. Soit x € [%, 2] la moyenne tout en
du haut du rectangle. On doit avoir g"(x) = x. Donc, il existe k,¢ > 0

telque k + ¢ = net o\ k
< ) 2t x,

3

Donc, 3% = 2K+, On déduit que k = ¢ = n = 0 par le théoréme.
Contradiction. Les tuiles de Kari n’admettent donc pas de rectangle
cyclique.

x=9"(x) =
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A family {7,},>1 of metallic mean Wang tiles

For every integer n > 1, 7, is made of n? white tiles, 2n blue stripe
tiles, 2n yellow stripe tiles, 2(n+1) green tiles and 7 junction tiles.
Total : N?+6n+9 = (n + 3)? tiles.

.H
e
IEE I
ol ﬁ ﬂ

71 = Ammann

o
EIE]

Tile labels are vectors in the finite set
Vo= {(vo,vi, ) eN®: 0<vp<vi<tandvi < vo < n+1}

that we represent compactly as words, e.g., 113 := (1,1, 3).
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Metallic mean Wang shift
The n-th metallic mean Wang shift is 72 A Q, where
Qp

=Q7, ={w:Z% — T,: wis a valid configuration}.

_113_[_114_] 013 ] 113 | _114_| 013 | _114_ i 11 114_] 013 | _114_] _114_] 013 | 113_|_114_
P12 Fg” [ T012” | P19 #1138 | 012 | s T [ 113~ “n” o127 Mg *ng™ “12” Mg
JEIEH IEN J)UH EEREEN TR N 113 113 EIENRCTN N EH N Sz [ 1
1 Fs o B g “.‘ 1 12” 119" S 1127 Mg | S g
‘110 2, 01‘11 112E Ve 0112_ o 112 = 911’22 o ’911’2‘2 Vs 21129 ’911’2‘2 ’119 ’911’2‘2
O U i O e U P T e O P e P AP 8 1 U O e g 147 M1

114_[_114_[ 013 JM TN Houy 4|1 J“H R T T

Sl |E

o
x 13 valid patch with 73)

=]

014~ |7

11,
14
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