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Theoretical questions concerning the possibilities of proving theorems by
machines are considered here from the viewpoint that emphasizes the under-
lying logic. A proof procedure for the predicate calculus s given that con-
tains a few minor peculiar features. A fairly extensive discussion of the
decision problem is given, including o partial solution of the ()(Ey)(2)
satisfiability case, an alternative procedure for the (z)(y)(Bz) case, and a
rather detailed treatment of Skolem’s case. In connection with the (z)(Ey)(z)
case, an amusing combinatorial problem ©s suggested in Section 4.1. Some
simple mathematical examples are considered in Section VI.

Editor’s Note. This is in form the second and concluding part of this paper’

Part T having appeared in anothor journal However, an expaniion of the author's
original plan for Part 1T has made it  complete papér in its own rigl

I. A SURVEY OF THE DECISION PROBLEM

11 The Decision Problem and the Reduction Problem

With regard to any formula of the predicate calculus, we are interested
in knowing whether it is a theorem (the problem of provability), or
equivalently, whether its negation has any model at all (the problem of
satisfiability). Originally this decision problem was directed to the search
for one finite procedure which is applicable to all formulae of the predi-
cate caleulus. Since it is known that there can be no such omnipotent
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PROVING THEOREMS BY PATTERN RECOGNITION — II 23

Then we can easily find an infinite solution by the following argument.
The following ion satisfies the on the edges:

A B C
C A B
B C 4
Now the colors on the periphery of the above block are seen to be the
following:

35 4

In other words, the bottom edge repeats the top edge, and the right
edge repeats the left edge. Hence, if we repeat the 3 X 3 block in every
direction, we obtain a solution of the given set of three plates. In gen-
eral, we define a “cyclic rectangle.”

4.1.1 Given any finite set of plates, a cyclic rectangle of the plates is a
rectangle consisting of copies of some or all plates of the set such that:
(a) adjoining edges always have the same color; (b) the bottom edge of
the rectangle repeats the top edge; (¢) the right edge repeats the left
edge.

Clearly, a sufficient condition for a set of plates to have o solution is
that there exists a cyclic rectangle of the plates.

What appears to be a reasonable conjecture, which has resisted proof
or disproof so far, is:

412 The fundamental conjecture: A finite set of plates is solvable (has at
least one solution) if and only if there exists a cyclic rectangle of the
plates; or, in other words, & finite set of plates is solvable if and only if
it has at least one pericdic solution.

It is easy to prove the following:

413 If 4.1.2 is true, we can decide effectively whether any given finite
set of plates is solvable,

Thus, we proceed to build all possible rectangles from copies of the
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Aperiodicity

@ 1966 (Berger) : The fundamental conjecture is false :
There exists an aperiodic set of Wang tiles (a tile set is
aperiodic if it tiles the plane, but no tiling is periodic)

@ 1976 (Penrose) : discovered an aperiodic set of two tiles

@ 1982 (Shechtman) : observed that aluminium-manganese alloys
produced a quasicrystals structure and receives the 2011
Nobel Prize in Chemistry :

"His discovery of quasicrystals revealed a new principle for
packing of atoms and molecules", stated the Nobel Committee
that "led to a paradigm shift within chemistry".
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BURY 4 Quasicrystals :
s / and geometry APERIODIC
= o ies ORDER

A JORIE SENECHAL

TILINGS & ([ g™ I
PATTERNS (EESESEE Il =

Branko Griinbaum & G. C. Shephard

@ Tilings and Patterns, by Griinbaum & Shephard, 1987
@ Quasicrystals and Geometry, Senechal, 1995

@ Pytheas Fogg’s book, 2002

@ Aperiodic Order, Baake & Grimm, 2013
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Cut and project schemes

R? —» R RS — R?
(ex : Sturmian sequences) (ex : Penrose tilings)
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IRRATIONAL SLOPE
©0 0 0600

©0 06 000 0
© 00000 0
©0 06 0600 0
00 06060 0

Image : arxiv:2008.05339

N. G. de Bruijn. Algebraic theory of Penrose’s nonperiodic tilings of the plane. I, Il.
Nederl. Akad. Wetensch. Indag. Math., 43(1) :39-52, 53-66, 1981.

Why Penrose Tiles Never Repeat, by minutephysics, Dec 1, 2022,
https://youtu.be/-eqdj63nEr4 (already 538,583 views after two weeks) 7/41


http://arxiv.org/abs/2008.05339
https://youtu.be/-eqdj63nEr4

Aperiodic Wang tile sets

1966 (Berger) : 20426 tiles (lowered down later to 104)
1968 (Knuth) : 92 tiles

1971 (Robinson) : 56 tiles

1971 (Ammann) : 16 tiles

1987 (Grunbaum) : 24 tiles

1996 (Kari) : 14 tiles

1996 (Culik) : (same method) 13 tiles

Theorem (Jeandel, Rao, 2015)

@ All sets of < 10 Wang tiles are periodic or don't tile the
plane.

@ The following set of 11 Wang tiles is aperiodic :

7~ P 0 X 0 O PR
O i ) i i i > 9 AN
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Laser cut version of Jeandel-Rao’s 11 tiles

We represent the 11 Jeandel-Rao’s tiles 7y

7 O 3 D P

geometrically as follows :

O LI LI Lo D38 e

Formally, we define the Jeandel-Rao Wang shift symbolically as

Qp = {W;Z2 = {O,1,...,10}‘wisavalid tiling with To}

on which the shift Z2 A Qq acts naturally

[ ZZXQO — Qo
(kW) = W)= (N> Wni).

A Wang shift Q is minimal if every orbit under the shift is dense in Q.
9/41



Outline

e Constructing Jeandel-Rao tilings (informally)
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Source : Natural Earth Projection (wikipedia) (https://i.imgur.com/R2eAvWi. jpg) (https://www. todayifoundout.com/)

Henri Poincaré, 1904

"Imagine an ant walking on a surface. How can this insect know,
without rising above it, whether this surface is flat or whether it
is moving on a sphere or on any other shape ?"

(La conjecture de Poincaré, George G. Szpiro, 2007)

m
)
o
12
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https://en.wikipedia.org/wiki/Natural_Earth_projection
https://i.imgur.com/R2eAvWi.jpg
https://www.todayifoundout.com/

An easy way to construct Jeandel-Rao tilings

- ST eMeu) LYUVCLLIUEL SULS.
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An easy way to construct Jeandel-Rao tilings

Ads Al adl Al
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An easy way to construct Jeandel-Rao tilings
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An easy way to construct Jeandel-Rao tilings
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Outline

e Constructing Jeandel-Rao tilings (formally)
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A lattice Iy, a partition P, and a Z?-action R,

Let o = 1%Y5  the lattice g = ((»,0), (1, + 3))z
and the following topological partition Py of R?/T.

+3
e e o o o o o 4 6/] 6/ 6
go+25 447
(1,9+3 o+ )
e o o e o o Vo /el
919/ 9
1111
e o o e o 0 0 oo
(¢,0) 0L;1 ¥

We consider the action of Z? on the torus R? /Iy :

Ro: ZZXRZ/FO — R2/ro
(n,x) — RAJ(X):=x+n

2
for every n € Z<. 15141



Definitions (§6.5 Lind-Marcus for Z2-actions)

@ A topological partition of a (compact) metric space M is a finite
collection P = {Pa}ac 4 of disjoint open sets whose closures P,
together cover M in the sense that M = Ugc 4 Pa.

@ Let (M,Z?, R) be a dynamical system with Z2-action R on M.
@ If S c 72, a pattern w : S — A is allowed for P, R if

CODINGREGION(w) = 1| R™*(Py,) # @.
keS

@ Let Lp g be the collection of all allowed patterns for P, R.
@ Xp pis the symbolic dyn. system corresponding to 7, R.
It is the unique subshift Xp g C A% whose language is Lp g.

@ P gives a symbolic representation of (M, Z?, R) if for every
w € Xp g the intersection Ny, A~ ¥Py, consists of exactly one
point me M.

This gives rise to amap f : Xp g — M such that f(w) = m.
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Results on Jeandel-Rao tilings Xp, g, C (29

@ P, gives a symbolic representation of (R?/y, Z?, Ry)
@ there exists an almost 1-1 factor map f : Xp, g, — R?/T
@ the set of fiber cardinalities of the factor map is {1, 2, 8},
@ Xp, g, is @ minimal, aperiodic and uniquely ergodic
subshift of the Jeandel-Rao Wang shift, i.e., Xp, g, C Qo.
@ The measure-preserving dynamical system
(Xp,.Ry: Z2, 0, v) is isomorphic to (R2 /Iy, Z2, Ry, \) where
e v is the unique shift-invariant probability measure on Xp, g,
e )\ is the Haar measure on R?/T.
@ Occurences of patterns in Xp, g, is a 4-to-2 C&P set,
more precisely a regular (generic or singular) model set.

@ Markov partitions for toral 72 -rotations featuring Jeandel-Rao Wang shift and
model sets, Annales Henri Lebesgue 4 (2021) 283-324.
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5-t0-2 vs 4-to-2

Penrose Jeandel-Rao
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Xpy.r, = Q207?

Xpy,R, C 0, but do we have Xp, g = Qo ?

In other words, if w € Qg is a valid tiling in the Jeandel-Rao Wang
shift, was it obtained from the orbit under Ry of some starting point
in R?/Iy coded by the partition P ?
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Xpo,my = {0 ?

Xpy,R, C 0, but do we have Xp, g = Qo ?

In other words, if w € Qg is a valid tiling in the Jeandel-Rao Wang
shift, was it obtained from the orbit under Ry of some starting point
in R?/Iy coded by the partition P ?

It turns out that such a question was already answered years ago for

1-dimensional configurations {0, 1}%. e



Sturmian words (Morse, Hedlund, 1940)

A person is walking on a sidewalk made of alternating
dark bricks of size 1 and light bricks of size o > 0.

starting point pl 1 @

T S

;I/ O o o JM 9 o 9“9 e o |

7%&77@35%}55 s el sl
~ TN (O

tap= " 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 0

AR

Step zero is made at starting position p € R.
They walk from left to right with steps of length 1 and uses

@ their right foot (1) on dark bricks and
@ their left foot () on light bricks,
thus constructing a bi-infinite binary sequence

oy Z — {0,1}.
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Pattern complexity
X=---10100101001001010010100101 - - -

En(X) #ﬁn(x)
g

0,1

00,01,10
001,010,100, 101
0010,0100,0101,1001,1010 5

Theorem (Morse, Hedlund, 1940 & Coven, Hedlund, 1970)

Let x € {0,1}” be recurrent sequence.
The sequence x has pattern complexity #Ln(x) = n+ 1
if and only if
x =t , for some irrational o. > 0 and starting point p € R.

A WODN—=OIS
A O0ODND =

Proof technique : Desubstitute + Rauzy induction + Ostrowki
numeration system.
See Pytheas Fogg, chapter 6, written by P. Arnoux.
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Outline

e Desubstitute Wang tilings from Q, with markers
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J

P with 1¢P—P.

=7 X

)

1%

w1

@ # M C T is a set of markers in the direction e, if for all
valid configurations w : Z2 — T € Q7 there exists P C Z s.t.

sEec:

REFTE
RIS
REIELETE
SRR
SUERRIELE

11111

SRIELE R

SACRE K

REXREELE

RIS

AR

© n ~ =2} ”
'a'a's’

SE T

S © -



Markers allows to desubstitute tilings

HODBHHEDH5HS
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Markers and recognizable 2-dim. morphisms

Computing 77

In [10]: Te.tikz(font=r'\small’, ncolumns=11, size=1.2, color=color)

o ﬁﬂ...m-mmg.

In [11]: %time Te.find markers(i=2, radius=1, solver=solver) # 229ms with dancing links, 32s with Glucose, 1.4s with Gurobi

CPU times: user 260 ms, sys: @ ns, total: 260 ms
wall time: 258 ms

out[11]: [[e, 1]]

In [12]: M@ = [0,1]
T1,omegae = To.find substitution(M=M@, i=2, side='left', solver=solver)

In [13]: show(omega®)
0—(2), 1 (3), 25 (4), 30 (5), 4+ (6), 5 (7), 6+—(8), 7~ (10),

o) 2 () e () e () e ()

In [14]: T1.tikz(font=r'\small’, size=1.2, ncolumns=13)

out[14]: 1 2 1 1 0 1 2 3 2 2 1 2 3
30 1|3 1 1|3 2333 0fjo4o0fos5 3160|117 358890z ug|z128
1 2 3 1 1 2 2 2 1 0 0 0 0

https://nbviewer.org/url/www.slabbe.org/Publications/arxiv_1808_07768_v4.ipynb

Substitutive structure of Jeandel-Rao aperiodic tilings, Discrete & Computational

Geometry 65 (2021) 800-855. doi:10.1007/s00454-019-00153-3
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Markers and recognizable 2-dim. morphisms

Q4

wo

Qo

=) — B 02 o — ) 1% @ =

o HH = e oo =~ — el R

(=] o (=} 1C o ) o 12 o —

(=] o o 1C =} ) o 12 o —

o Hl= aa aje = = ~ —| = ==

o (=} — 12 ™ =} — 1¢ ™ ™

=} =} — 12 ) =) — 1C ) )

I I S I R ) ™ | @ ™

— — o 12 = — = 12 = —

— — =y 1C =) — ) TG ) —

e I L] I e e — = cje ™

™ ) [=} 1 o™ ) (= 1¢ o o

™ ™ o 1 ™ ™ (=} 12 [=} ™

I o | ] S R R ™ | == e

o — — 15 ™ — — 12 ) o

o — — 15 ) = — 1c ) y

— Qe e e = e ™ = @mm o«

o ) o 12 o ) o 12 ) —

o o o 12 o ) o 12 ) —

— == M ae = ) —|= e @

L L) — 1% ) ) — 1% ) )

o ) — 1% ) o — 1% =} )

— ;e e A= o, ™ el ] )

P — o 12 ™ — P 12 o= ™

wo

=) — o = — o ) o
S e ] o~ — — o
=) ) =) =) ) =) o —
=} o =} =} o o =) —
o = Qe @ - [ ™~ — |
=) =) — ) o — ) o)
=} =} — ) =) — ) )
S I I I I ) — e ™ — o,
— — ) o — = ) —
— — ™ o — o ) —
— = = — [ — — ™
) 2 =) ) ) =) o )
) ) =) ) ) =) =) )
— ™™ aja - ™m ™~ - [
) — — o — — g )
) — — ) — — ) =)
— NN ma — o~ ™ — ™
=) ) ) =) ) ) ) —
= o o =} ) ) ) —
Rl G Co ] - [ ™ — o
) ) — ) ) — o L
o o — B o — S} ™
— @mm aa - om ™ - [
) — ) ) — = ) )
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Substitutive structure of Jeandel-Rao tilings

wo w1 w2 w3
Qo Q1 QO3

Wy

v wo w1 W w2 W w3 v n We W7wWgWow{oW11 P ﬂ
T

Xo Xi € Xo X5 X4 ¢ Q5 ¢ Qg ¢« Q7 ¢ Qqo ¢ Qu

Let Qo be the Jeandel-Rao Wang shift. There exist (€2;)o<i<12
Wang shifts, and there exist

@ morphisms w; : Qi1 — Q; that are recognizable and
onto up to a shift for each i € {0,...,3} U {6, ...,12};

@ 7 :Q5 — Q4 an embbeding;
@ 1n: Q¢ — Qs a sheering topological conjugacy ;
Q@ wy : QU — Qy is primitive and expansive.
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Substitutive structure of Jeandel-Rao tilings

wo w1 w2 w3
Qo Q1 ¢« « Q3¢

wu

v wo o wi > w2 v w3 > N W W7WgWewiow1 p {0
e

Xo(—X1(—X2(—X3(—X4(—Q5(—QG(—Q7( Qo ¢ Quy

Let Xi2 = Q42 and X; = w;(Xi;1)” for every j with 0 < j < 11.

@ Q. and Qy are self-similar, aperiodic and minimal,
@ X =Q;and Q; is aperiodic and minimal, 5 </ < 11,

@ X C Q;is an aperiodic and minimal proper subshift of
Q; for every i with 0 < i < 4.

Conjecture

Qo \ Xp is of measure 0 for any shift-invariant probability mea-
sure on Qg (it consists of sliding half-plane along a fault line).

—/
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A decomposition into 19 self-similar supertiles

Any tiling in the minimal subshift Xy of ¢ can be decomposed
uniquely into 19 supertiles.

0 O O O O O O N

PRER PRSP RRIRPRS S PP eSS
e dbdbdb 2 49@4&*

TS T oo

(two of size 45, six of size 72, four of size 70 and seven of size 112).
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The morphism wq wy wo w3 : 24 —

gl= RN g2rs
202 » 32 243 27R
Ny q g™ a g N g

T4
bl -

2133
& —|---
-\ 2330

v 21300
ool e—|mF o
21130

X E‘—. OO

2

23300
)

,
ol¢—|o o
)

21130
23100

,
o|é—|o ¥ o
)

21030

-

-
I
-

Je

21330

o5
23300
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Qu%Q4

The morphism 7 1 wg w7 wg wg wig w11 p

0£0TT

o0tgz |0ELlE
£607

01T

owo

00€T

00€Z | 0£0TT

cxologo

0£0Z_| 00T€T

0£0z

—oo

€012

€012
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0162 | 08112

~colom

E£0Z_| 00€TT
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oS~
0g012

££012
[
FILIC 0667 0016z | 81T 01z
“a ofo ofolovo owo
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oeete| | oete 0££07 | 00€T | 0801G 0062 | 05012
ofa| |e<o cgolowo|one ~rolomo
0eTTZ 0€TTZ | 0£0Z | 00TET £E0T_| 001€T
oe1TE 0€1TZ | 0£0Z |00TET €E0T | 001€T
ofo oFal~oo|oge ~Sslegs
00E€T 00€1Z | €012 | 0EE0T €112 | 0££0C
00£€T oog1z
oo - -
08813 £6012 £6012
0EETC
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o0eTTE 0EET | 0ETIT
06112 0667 | 0£11%
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0£012

1 T Epe
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a =
e nez

B =
0£012 0€€1T 0£11E 0£012
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20110 00817
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The morphism w;, : y — Qy
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http://dx.doi.org/10.1007/s10711-018-0384-8

Outline

e Rauzy induction of Xp g,
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Rauzy induction of toral Z?-actions

-+ 3 " Entrée [13): [y te 1 = (1, 8, -1] # syntax for the inequality y <= 1
6 6 6 P1,betad = RAe2.induced |_partition(y le 1., P8, substitution type='column')
RIZT, = Roel. induced transformation(y 1o 1)
RIEZ = RBe2.induced transformation(y lE 1)
99 + 2 4 7 Entrée [37]: Pl.plot().show(figsize=4)

1 12 /]9, 4 3
08
s ml/ 1l © )/ s o
@+1 s s Ml e 2] 2 123
04
2 (3
B 9, 16) 22 Ao, 21 14 s, 13
9 ll/9 02 04 06 08 10 12 14 16
1
Entrée [35]: beta. latex_(ncolumns=10)
1 1 1 out[3s]: 7 5 1 s 6
3 10 5 5
0 o 0 1 1
0111 @

AT

R
|

S

R

Soeamac 22

5 1 6 3
1 10 4 5
0=f8). 20=] 8], 2]y 23 pIE 25e|2]. 26=|10f. 27=] 4
9 9 9 8 10
0 0 1 1

https://nbviewer.org/url/www.slabbe.org/Publications/arXiv_1906_01104.1ipynb
@ Rauzy induction of polygon partitions and toral Z?-rotations
Journal of Modern Dynamics 17 (2021) 481-528. doi:10.3934/jmd.2021017
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2-dim. Rauzy induction of Z?-PETs
Bo

Xpy,Ro Xp, R,
Fo=((#»0),(1,¢+3))z M =¢@ZxZ
3
Y Ky I3
p+2 5 af7 "5 12 /]9 4 3
1 6 /ul/ 1 107,y 5 0
7) <p+1 7 7) 4 o5 /27| 19 26 /22| ou /23
0= 217/ /8( 3 1=
1817
1 9 9 9 0 19 16 22 20 21 14 15 13
1 1 1 0 11t 1 1 1 »
o 2
0 0|0/ 0
01114 @
2y
ny,n
RU™ ™) (x) := X + nyeq R™™)(x) = x + nyey

+ne; mod Il +n2(90_1790_2) mod [ 36/M



Proof idea : a common substitutive structure

The symbolic dynamical system Xp, r, and the subshift Xy C Qg of
the Jeandel-Rao Wang shift have a common substitutive structure :

wo w1 w2 w3
Qo(—Q1(—QQ(—Q3(—Q4 wyy
W7WgWo10wW11 p ’Q
XQ(_X1(_X2(_X3(_X4(_QS(_QG(_Q7\ Q12( Qu
Il I I I
Bo B B2 B34 B58657
Xpy Ry ¢ Xp, R, € Xp, R, € Xpy Ry ———— XP& Rs € XPy Ry
wuy
since

wowwows = Bo
Tnwe = 152
w7 = B3, wg = B4, wg = Bs, wio = B and wyy = f7.
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Outline

a Conclusion (incl. a remark on the Ellis semigroup)
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Ongoing work
Chapter written for a book edited by N. Aubrun and M. Rao :

@ Three characterizations of a self-similar aperiodic 2-dimensional subshift,
arxiv:2012.03892 (Dec 2020)

With Casey Mann and Jennifer McLoud-Mann :
@ Nonexpansive directions in the Jeandel-Rao Wang shift, arxiv:2206.02414
(June 2022)

With Jana LepS$ova :

@A Numeration System for Fibonacci-Like Wang Shifts. In : Lecroq T., Puzynina S.
(eds) Combinatorics on Words. WORDS 2021. Lecture Notes in Computer Science,
vol 12847. Springer, Cham. doi:10.1007/978-3-030-85088-3_9

@A Fibonacci’s complement numeration system, arxiv:2205.02574 (May 2022)

39/41


http://arxiv.org/abs/2012.03892
http://arxiv.org/abs/2206.02414
http://dx.doi.org/10.1007/978-3-030-85088-3_9
http://arxiv.org/abs/2205.02574

The Ellis semigroup

"An action « of a group G on the compact space X is nothing else
than a representation of the group in terms of transformations of X ;
i.e., foreacht € G, ot is a function from X to X. The set of all
functions from X to X is the product set XX and becomes a compact
space when equipped with the Tychonoff topology.”

Definition
The Ellis semigroup E(X, G) is the closure of {ay|t € G} in XX. ]

@ J.-B. Aujogue, M. Barge, J. Kellendonk, and D. Lenz. Equicontinuous factors,
proximality and Ellis semigroup for Delone sets. In Mathematics of Aperiodic Order,
volume 309 of Progr. Math., pages 137—194. Birkhduser/Springer, Basel, 2015.
doi:10.1007/978-3-0348-0903-0_5

Preliminary observation : The Ellis semigroup E(Qy,Z?) of the
Jeandel-Rao Wang shift contains 8 idempotents each being
associated to a way to approach the origin in the partition Py.
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Next steps : continue the exploration

-------
- ~ o

el o Penr(;§e\‘
' Wang shifts !

1

Sturmian shifts
@ Fibonacci

@ Can we do with Penrose and others what holds with JR?

@ Can we do with JR what holds with Penrose and others ?
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