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Configurations

A map x : Z9 — Y is called a configuration.
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The shift action Z¢ A T2° is given by the map o: Z9 x ¥2° — ¥Z°

where

d
for every u,v € 29, x € ¥,

a'(X)y = o(U, X)y = Xyrv
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{nez9: x, # yn} is called the difference set of (x, y).

The set F
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Pattern, Cylinder, Language, Occurrences

@ For finite subset S ¢ Z9, an function p: S — X is called a
pattern and the set S is its support. We denote it p € X5.

@ Given a pattern p € X5, the cylinder centered at p is

o] = {x € £¥: x|s = p}.

@ For finite subset S ¢ Z9, the language with support S of a
configuration x is the set of patterns

Ls(x)={pe x5 thereis n e Z9 such that o"(x) € [p]}.

The language of x is the union £(x) of the sets Lg(x) for every
finite S ¢ z9.
@ The occurrences of a pattern p € XS in a configuration x € ¥z
is
occp(x) = {ne z%: o"(x) € [p]}.
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Language
x:72 — {0,1,2}

) ) 1 1
2010e|’ [2]1]1|" [ef2(1]" [2)2]1]’

Lsx) = 1 2 2 2
022 |ef2]2]" [1]el2|" [1]1]e

Also Ls(x,y) = Lg(x) U Ls(y) for every finite support S ¢ Z9.
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in x and y are

2|1

1
0

The occurrences of the pattern p

-+
-+

occp(x) = {(-5,2),(1,1),(3,-3),..

occp(y) = {(-5,2),(1,1),(3,-3),..
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Occurrences within asymptotic pairs

y:72 —{0,1,2}

x:7%2 = {0,1,2}
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in x and y are

2|1

1
0

The occurrences of the pattern p

-+
-+

occp(x) = {(-5,2),(1,1),(3,-3),..

occp(y) = {(-5,2),(1,1),(3,-3),..

occp(x) \ occp(y) = {(0,0)},

acc(y) \ ocep(x) = {(~2,~1)}.
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Indistinguishable asymptotic pair
Let p € X5 is a pattern of finite support S c Z°.
Ifx,y e ¥Z° are asymptotic configurations with difference set F, then
occp(x) \ occp(y) = occp(x) N (F — S)
and in particular it is finite.

We say that (x, y) is an indistinguishable asymptotic pair if
(x,y) is asymptotic and the following equality holds

# (occp(x) \ occp(y)) = # (occp(y) \ occp(x))

for every pattern p of finite support.
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Not all asymptotic pair is indistinguishable

in x and y are

2

{(=1,-1)},

occp(y) = 9,
occp(X) \ occp(y) = {(=1,-1)},

occp(y) \ ocep(x)

The occurrences of the pattern p

0CCp(X)

= .
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Initial question
In Fall 2019, Sebastian Barbieri asked :

Is there any non trivial pair x,y € ¥Z% of indistinguishable
asymptotic configurations ?

A trivial pair refers to cases like (x, x) and (x, o"(x)) where n € Z9.

@ S. Barbieri, R. Gomez, B. Marcus, T. Meyerovitch, and S. Taati. Gibbsian
representations of continuous specifications : the theorems of Kozlov and Sullivan
revisited. Communications in Mathematical Physics, 382(2) :1111-1164, 2021.
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9 When d = 1 : a complete answer
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Sturmian words (Morse, Hedlund, 1940)
Leta € [0,1]\ Q and c,, C,, : Z — {0, 1} be the configurations

Co(n) = |a(n+1)| — |an| (lower characteristic Sturmian word)
c,(n)=[a(n+1)] — [an] (upper characteristic Sturmian word)

(67
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... are indistinguishable

Co=:--101001010010[1.0 010010100101 - - -
c, =---101001010010/ 0.1 010010100101 - - -
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... are indistinguishable and vice versa

Co =---101001010010[1.0 010010100101 - - -
cl, =---101001010010 0.1 010010100101 - - -

Theorem (Barbieri, L, Starosta, 2021)

Letx,y € {0,1}* and assume that x is recurrent.
The pair (x, y) is an indistinguishable asymptotic pair with
difference set F = {—1,0} such that x_1xo =10 and y_1yy = 01

if and only if

there exists « € [0, 1] \ Q such that x = ¢, and y = c,, are the lower
and upper characteristic Sturmian words of slope «.

@ Barbieri, L., Starosta, A characterization of Sturmian sequences by

indistinguishable asymptotic pairs, European Journal of Combinatorics 95 (2021)
103318, doi:10.1016/j.ejc.2021.103318
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Outline

Q When d > 1 : a partial answer
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Discrete planes

A discrete plane of normal vector v € R3, intercept 1. and width w
is the subset
{pez®|0<p-v+pu<w}cZd

For example, with x = 0 and w = ||v||1/2, we get :

ﬁ P. Arnoux, V. Berthé, and S. Ito. Discrete planes, 7?-actions, Jacobi-Perron
algorithm and substitutions. Annales de I'Institut Fourier, 52(2) :305-349, 2002.

ﬁ D. Jamet and J.-L. Toutant, On the connectedness of rational arithmetic discrete

hyperplanes, LNCS 4245, 223-234, 2006.
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Encoding upper and lower discrete planes

When ;= 0 and w = ||v||1, we get the vertices of the surface of a
standard discrete plane of normal vector v € R3 :

{(peZ3|0<p-v<|v|1}cZ® Encoding : Z2 — {0,1,2}

@ Damien Jamet, Coding Stepped Planes and Surfaces by Two-Dimensional
Sequences over a Three-Letter Alphabet 05047, 2005, pp.21 17129



Encoding upper and lower discrete planes

When ;= 0 and w = ||v||1, we get the vertices of the surface of a
standard discrete plane of normal vector v € R3 :

{peZ3|0<p-v<|v|1}cZ3 Encoding : Z2 — {0,1,2}
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d-dimensional Sturmian configurations

Let « € [0,1)9 be a totally irrational vector, that is,
nez%n-acZ — n=0.

The lower and upper characteristic d-dimensional Sturmian
configurations with slope « are respectively :

Ca: 29 — {0,1,...,d}
d
n = > (loj+n-al—|n al)
i=1
c,: 29 — {o,1,...,d}

n ~ é(fa;—l—n‘a]—(n-a]).

0 1 2 d

0 1 — aT(1) 1 — OtT(z)1 — CMT(3) e 1 — OéT(d) 1



Example
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is an indistinguishable asymptotic pair encoding the projection of the

surface of a discrete plane of normal vector

(1 — Qq,0q{ — (g, ag) ~ (0293, 0348, 0359)
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Proposition (Barbieri, L., 2022)

Letd > 1. Letax €

[0,1)9 be a totally irrational vector. The lower and

upper characteristic d-dimensional Sturmian configurations

(Ca
The 8 patterns of support {0, e, 2e1, €2} appearing in ¢, an

ic pair.

) with slope « is an indistinguishable asymptot

Ca

dc,:
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Proposition (Barbieri, L., 2022)

Letd > 1. Let o € [0,1)9 be a totally irrational vector. The lower and
upper characteristic d-dimensional Sturmian configurations
(ca, C,,) with slope « is an indistinguishable asymptotic pair.

What about the reciprocal ? ]
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Flip condition

Definition
An asymptotic pair x, y € {0, 1, ..., d}Zd satisfies the flip condition if
@ the difference setof x and y is F = {0, —ey, ..., —€4},

© the restriction x|r is a bijection F — {0, 1,....d},

© the map defined by x, — y, forevery n c F
is a cyclic permutation on the alphabet {0, 1,...,d}.

Without lost of generality, we assume that xo = @ and
Yn=Xn—1mod (d+ 1) forevery n € F.

x:7% = {0,1,2} y 7% = {e,1,2}
© 600000060600 | 00000000000
©00 00000000 00000000000
©0000000000 | 00000000000
900010000006 000002000200
660006200000, | 00000100000
©0000000000 00000000000
©0000000000 00000000000
© 0000000000 | 00000000000

Lecccoocccccaonsccccaonoscaad Lecccoocccccanncccccaonoscaad 21/29



Flip condition

The flip condition may be interpreted as the geometrical flip of the
faces of a hypercube at the origin of a discrete hyperplane :

ﬁ T. Jolivet. Combinatorics of Pisot Substitutions. PhD Thesis, 2013.

@ Damien Jamet, Coding Stepped Planes and Surfaces by Two-Dimensional
Sequences over a Three-Letter Alphabet 05047, 2005, pp.21



Theorem B

Theorem B (Barbieri, L., 2022)

Letd > 1and x,y € {0,1,...,d}Zd s.t. x is uniformly recur-
rent. The pair (x, y) is an indistinguishable asymptotic pair
satisfying the flip condition

if and only if

there exists a totally irrational vector oo € [0,1)? such that
X = co and y = c,, are the lower and upper characteristic
d-dimensional Sturmian configurations with slope a.

(Theorem B depends on Theorem A)
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Theorem A

Theorem A (Barbieri, L., 2022)

let d > 1 and x,y € {0,1,...,d}° be an asymptotic
pair satisfying the flip condition with difference set F =
{0, —eq,...,—eqy}. The following are equivalent :

@ For every nonempty finite connected subset S ¢ Z¢ and
p € Ls(x)ULs(y), we have

# (0ccp(x) \ 0ccp(y)) = 1 = # (0cCp(y) \ 0cCp(x)) -

@ The asymptotic pair (x, y) is indistinguishable.

@ For every nonempty finite connected subset S ¢ 79, the
pattern complexity of x and y is

#Ls(X) = #Ls(y) = #(F - S).
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Complexity #(F — S)
Complexity #(F — S) matches what is known :
@ Whend=1and S={0,1,...,n—1}:

#(F—8)=#({0,-1} = {0,1,....n—1}) =n+1

is the factor complexity of Sturmian words.
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Complexity #(F — S)
Complexity #(F — S) matches what is known :
@ Whend=1and S={0,1,...,n—1}:

#(F—8)=#({0,—1}—{0,1,....n—1}) = n+1
is the factor complexity of Sturmian words.

@ Whend=2and S={0,1,...,n—1} x{0,1,...,m—1} .,

H(F — S) = #({0,—ey,—es} — {(i,): 0 < i< n0<j<m}
=mn+m-+n

is the rectangular pattern complexity of a discrete plane with
totally irrational slope.

@ V. Berthé, L. Vuillon. Tilings and rotations on the torus : a two-dimensional
generalization of Sturmian sequences. Discrete Mathematics, 223(1-3) :27-53,
2000.
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Open question 1

Theorem (Barbieri, L, Starosta, 2021)

Letx,y € {0,1}2.
The pair (x, y) is an indistinguishable asymptotic pair with
difference set F = {—1,0} such that x_1xp =10 and y_qyoy = 01

if and only if

there exists a monotone sequence (an)nen With an € [0,1]\ Q s.L.
X = limp_,o0 Ca, @nd y = limy_. €, are the limits of characteristic
Sturmian words of slope ap,.

Moreover, indistinguishable asymptotic pairs over Z for any finite
difference set F are described in terms of derived sequences.

Open question

Describe indistinguishable asymptotic pair x, y € ¥z satisfying
the flip condition where x is not uniformly recurrent.
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Open question 2
A sequence w € X% with #L,(w) < nis eventually periodic.

Nivat’s conjecture

A configuration x € 2 for which there are n,m € N with
#L(nm)(X) < nm s periodic.

Equivalently, a sequence w € ¥ with totally irrational vector of
symbol frequencies has complexity #L,(w) > n+ 1.

Dual Nivat Conjecture

Letd >1and F = {0, —ey,...,—e4}.Letx € {0,1,...,d}%" be
a configuration with trivial stabilizer, i.e., o"(x) = x only holds
for n = 0. If the frequencies of symbols in x exist and are
rationally independent, then #Lg(x) > #(F — S) for every
nonempty connected finite support S ¢ Z9.

ﬁ J. Cassaigne. Double sequences with complexity mn + 1. volume 4, pages

153—-170. 1999. Journées Montoises d’Informatique Théorique (Mons, 1998). 28/29



Open question 3

The pattern below is bispecial within the language of ¢, and ¢, :

2! 3 11
| 2] 2] 2
1 10 1 1
LIy 0 ! ! 0 0
20 2] 2] 2
o2 Ev ez (Evez21 ) (e 2

Bispecial factors within the language of a Sturmian sequence of
slope a € [0, 1) are related to the convergents of the continued
fraction expansion of « (de Luca, 1997).

Let d > 1 and a € [0,1)9 be a totally irrational vector. What is
the relation between the set

V, = {b — a: dw € L(cy) bispecial at positions a, b € Zd}

and simultaneous Diophantine approximations of o ?
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