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Outline

Cut and Project Scheme
Cut and Project Scheme, the ?-map, Window and Model set

Examples
Geometric Sturmian tilings of R, Symbolic Sturmian on Z, Jeandel-Rao tilings
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Baake & Grimm, aperiodicorder.org
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Cut and project scheme

A cut and project scheme (CPS) is a triple (Rd ,H,L) where
Rd is the physical space,
H, the internal space, is a locally compact Abelian group,
L is a lattice in Rd × H,
π natural projection on Rd such that π|L is injective,
πint natural projection on H such that πint(L) is dense in H.

H Rd × H Rd

πint(L) L π(L)

πint π

⊂ dense ⊂

1−1

⊂

A CPS is called Euclidean when H = Rm for some m ∈ N.
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The ?-map of a CPS (Rd ,H,L)

H Rd × H Rd

πint(L) L π(L)

πint π

⊂ dense ⊂

1−1

⊂

?

There exists a map π(L)→ πint(L), called star map, defined as

x 7→ x? := πint

(
(π|L)−1(x)

)
where (π|L)−1(x) is the unique point in the set L ∩ π−1(x).

The lattice L can be viewed as a diagonal embedding of L := π(L) :

L = {(x , x?) | x ∈ L}.
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Model set

W H Rd × H Rd

πint(L) L π(L) f(W )

⊂
πint π

⊂ dense ⊂

1−1

⊂

?

⊃

For a given acceptance set (or window or coding set) W ⊂ H in
the internal space,

f(W ) := {x ∈ L | x? ∈W}

is the projection set within the CPS, where L = π(L).

Definition

If W ⊂ H is a relatively compact set with non-empty interior, any
translate t +f(W ) of the projection set, t ∈ Rd , is called a model set.
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Euclidean model sets with H = Rm

W Rm Rd × Rm Rd

πint(L) L π(L) f(W )

⊂
πint π

⊂ dense ⊂

1−1

⊂

?

⊃

This talk :

d m Examples
1 1 Geometric Sturmian tilings of R
1 1 Sturmian sequences on Z
2 2 Jeandel-Rao aperiodic tilings

0 1 2 3 4 5 6 7 8 9 10
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Geometric Sturmian with f(W ) ⊂ Z+ Zα
W R R× R R

−αx1 + x2 (x1, x2) x1 + αx2

πint(Z2) Z2 π(Z2) f(W )

⊂
πint π

⊂ dense ⊂

1−1

⊂

?

⊃

in
te

rn
al

sp
ac

e
R

physical space R

Wa = [α− 1, α]

Wb = [−1, α− 1]

f(Wa) = {x ∈ L | x? ∈Wa} ⊂ Z + Zα
f(Wb) = {x ∈ L | x? ∈Wb} ⊂ Z + Zα

π

πint

slope α
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Sturmian with f(W ) ⊂ Z
W R R× R R

−αx1 + x2 (x1, x2) x1 + x2

πint(Z2) Z2 π(Z2) f(W )

⊂
πint π

⊂ dense ⊂

not 1−1

⊂

?

⊃

in
te

rn
al

sp
ac

e
R

physical space R

Wa = [α− 1, α]

Wb = [−1, α− 1]

f(Wa) = {x ∈ L | x? ∈Wa} ⊂ Z
f(Wb) = {x ∈ L | x? ∈Wb} ⊂ Z

π

πint

slope α
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Sturmian with f(W ) ⊂ Z and H = R/(1 + α)Z
W R/(1 + α)Z R× R/〈(1,−1)〉Z R

x1 + x2 (x1, x2) x1 + x2

πint(Z2) Z2 π(Z2) f(W )

⊂
πint π

⊂ dense ⊂

1−1

⊂

?

⊃

in
te

rn
al

sp
ac

e
R

physical space R

π

πint

slope α
Wa = [α− 1, α]

Wb = [−1, α− 1]

f(Wa) = {x ∈ L | x? ∈Wa} ⊂ Z
f(Wb) = {x ∈ L | x? ∈Wb} ⊂ Z
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Sturmian with f(W ) ⊂ Z : a trivial ?-map

W R/(1 + α)Z R× R/〈(1,−1)〉Z R
x1 + x2 (x1, x2) x1 + x2

πint(Z2) Z2 π(Z2) f(W )

⊂
πint π

⊂ dense ⊂

1−1

⊂

?

⊃

in
te

rn
al

sp
ac

e
R

physical space R

? : x 7→ x mod (1 + α)

Wa = [α− 1, α]

Wb = [−1, α− 1]

f(Wa) = {x ∈ L | x? ∈Wa} ⊂ Z
f(Wb) = {x ∈ L | x? ∈Wb} ⊂ Z
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Jeandel-Rao tilings : f(W ) ⊂ Z2 and a trivial ?-map
With Λ = 〈(1,−1,0,0), (0,0,1,−1)〉Z and Γ = 〈(ϕ,0), (1, ϕ+ 3)〉Z

W R2/Γ R4/Λ R2

(x1 + x2, x3 + x4) (x1, x2, x3, x4) (x1 + x2, x3 + x4)

πint(Z4) Z4 π(Z4) f(W )

⊂
πint π

⊂ dense ⊂

1−1

⊂

?

⊃

provides the positions f(Wi) ⊂ Z2 of the tile i ∈ {0,1, . . . ,10} :
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to appear in Annales Henri Lebesgue

During the review process, the title changed to :

Markov partitions for toral Z2-rotations
featuring Jeandel-Rao Wang shift and model sets
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Other Euclidean model sets with H = Rm

W Rm Rd × Rm Rd

πint(L) L π(L) f(W )

⊂
πint π

⊂ dense ⊂

1−1

⊂

?

⊃

d m Examples
1 1 Geometric Sturmian tilings of R X
1 1 Sturmian sequences on Z X
2 2 Jeandel-Rao aperiodic tilings X
1 2 Billiard sequences in a cube (polygonal window)
1 m Billiard sequences in a hypercube
1 2 Tribonacci sequence (window is the Rauzy fractal)
2 1 Discrete planes
d 1 Discrete hyperplanes
2 3 Penrose aperiodic tilings
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