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Baake & Grimm, aperiodicorder.org
[ il sl @i —

1:A (August 2013)

Quasicrystals are non-periodic solids that were discovered in 1982 by Dan Shechtman, Nobel Prize Laureate in
APERIODIC Chemistry 2011. The underlying mathematics, known as the theory of aperiodic order, is the subject of this
comprehensive multi-volume series.

This first volume provides a graduate-level introduction to the many facets of this relatively new area of

mathematics. Special attention is given to methods from algebra, discrete geometry and harmonic analysis,

while the main focus is on topics motivated by physics and crystallography. In particular, the authors provide a
; tion of the ° > e o,

Numerous illustrations and worked-out examples help the reader to bridge the gap between theory and
application. The authors also point to more advanced topics to show how the theory interacts with other areas of
pure and applied mathematics.

Robert V. Moody's review in the Mathematical Intelligencer
Aernout van Enter's review in Zentralblatt fiir Mathematik

Jean-Pierre Gazeau's review in Reviews

Have a look at the table of contents and read Roger Penrose's foreword

Download Addenda and Corrigenda (PDF)

2: Cr phy and Al t Periodicity (November 2017)

This second volume begins to develop the theory in more depth. A collection of leading experts in the field,
among them Robert V. Moody, introduce and review important aspects of this rapidly-expanding field.

The volume covers various aspects of crystallography, generalising appropriately from the classical case to the
setting of aperiodically ordered structures. A strong focus is placed upon almost periodicity, a central concept of
crystallography that captures the coherent repetition of local motifs or patterns, and its close links to Fourier
analysis, which is one of the main tools available to characterise such structures.

The book opens with a foreword by Jeffrey C. Lagarias on the wider mathematical perspective and closes with an

epilogue on the emergence of quasicrystals from the point of view of physical sciences, written Peter Kramer,
one of the founders of the field on the side of theoretical and mathematical physics.
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aperiodicorder.org

Cut and project scheme

A cut and project scheme (CPS) is a triple (RY, H, £) where
@ RYis the physical space,
@ H, the internal space, is a locally compact Abelian group,
@ Lis alattice in R? x H,
@ 7 natural projection on R such that 7|, is injective,

@ iy natural projection on H such that 7, (L) is dense in H.

Tlint

H+™ RIxH T 5 R
U dense U U
1-1
Wint(c) < ;C 7T(£)

A CPS is called Euclidean when H = R for some m € N.
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The «-map of a CPS (R?, H, L)

H Tint
U dense U U

Tin(L) < "1 x()

-

RIXH T3 RY

There exists a map (L) — mine(£), called star map, defined as
x o x* 1= i (le) ' ()

where (|2)~"(x) is the unique point in the set £ N7 ~"(x).

The lattice £ can be viewed as a diagonal embedding of L := 7(£) :

L={(x,x*)| x €L}
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Model set

Tlint

W c H RIxH T 3 RY
U dense U U
(L) 1 (L) 5 (W)

For a given acceptance set (or window or coding set) W C H in
the internal space,

A(W) ={xel|x e W}
is the projection set within the CPS, where L = 7(L).
Definition

If W C His a relatively compact set with non-empty interior, any
translate ¢t + A (W) of the projection set, t € RY, is called a model set.
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Euclidean model sets with H = R™

W ¢ RMm&™ RIGRM T o R

U dense U U

ine(L) c—" s ) o W)
\ /

*

This talk :

m Examples

1 Geometric Sturmian tilings of R
1

2

Sturmian sequences on Z
Jeandel-Rao aperiodic tilings

N_L_LQ

TS T ] LI LB b
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Geometric Sturmian with A (W) C Z + Za

W ¢ R+—™ RxR—" 4R
—aX{ + Xo —— (X1,X2) — X1 + aXo
U dense U - V]
Tine(Z2?) 72 —— w(Z?) > A(W)
-
&
®
EHRURESUE S
Wi =[a—1,q] 3
Wy =[-1,a—1] §
E
i=

AWa)={xeLl|x e W} CZ+Za
A(Wp)={xel|x e Wy} CZ+Z«a
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Sturmian with A (W) C Z

W ¢ R+—"™ RxR—" 3R
—aXy + Xo — (Xq,X2) —— X1 + Xo
U dense U . U
Tine(Z2) 72 270, n(Z2) > A(W)
&
(]
Wi =[a—+1,q] 3
Wy =[-1,a—1] ‘_g
o
=

physial space
AWa)={xel|x~eW}CZ
AWp)={xel|{x e Wy} CZ
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Sturmian with A\ (W) c Zand H=R/(1 + a)Z

WcR/(1+a)Z ¢ RxR/((1,-1))z —— R

X{ + Xo &— (X1,X2) —> X1+ Xo
U dense u

1—1 Y
2 2 — 2
Tint(Z Z w(Z) > A(W
int \
N ___————~—~””’_’,,,
P T i : Lo : i
: : : &4 S ‘9 oY - ‘;Mﬂ”” - Quddiny
nt . i 2 o 5 c N 8N N
[} o /z/ 5 = g : N N
: : : ég : ..Qb‘! ..... 0 e & X @& 3% r 1T &
P ¢ = : N N N
b@ﬂa = [(1 +1 ,(1] o : e : A - S AN
B : N.<@ ... [Ere DT e .\ &
M/ _ 1 1 : > : - . TN N N N \
b= La— T g s B LN N N NN
z g : . N
@ O [ @ O @ @ O ittt
: /’E : 4 . NN TN N N N N N
.’ < . e . /X\ N \\ \\ \\ \\ \\
»»»»» W m e R TN TR
I3 Ix \ N N N N AN N
ﬁ// - //:V \\ \\ \\ \\ ﬂ: \\ \\ \\
0@ @O N X X Y S N S N
'\ TN N N N N N AN N N N
N N N N N\ N AY A A
N\,

'IV physial space
T AWa) = {xeL|x € Wa} CZ
(Wb)—{xeLyx eWp}CZ
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Sturmian with A (W) C Z : a trivial ~-map

WcR/(14a)Z «2 RxR/{(1,-1))z ——— R
X{+ Xo «—F— (X1,X2) —> X1+ Xo
U dense U U

T (Z2) \zz - m(Z2) > (W)
—
*

N N N N N
% N N N ~ X < N
N N N N N N N
[h] N N N N N N
g E O N N N N N
c N N S 5 ~ x
W* 1 N N N N N N N
a—[(l— 7(1 o N \ \ N N N
: ; %) N N N N N \
\ N\ ~ ~ ~ x N
Wp =[-1 1 & N AN
p=1— 1, a— © N N N N N N N
c N N \ \ N N N N N
\ N N ~ S 5 * s« s X
as N N N N N N N N N N N N
N N N N N N N N N N
2 SOk X Re xmod (TFa) St
[ sl N N N N N K 23 < s AN
-— N N N N N N N N N N N N
N N N N N N N N N N N
N N \ \ N N N N N N N
IS N S S & S s % “ S S
N N N N N N N N N N

N N N N N N N N

\, \ \ N N\

physical space R
AWp)={xel|{x*e Wy} CZ
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Jeandel-Rao tilings : A (W) c Z? and a trivial x-map
With A = <(1 ’ —1 ) 07 O)a (07 07 1 ) —1 )>Z and ' = <((pa 0)7 (1 P+ 3)>Z

W c RYr+—  RIYN — T 5 R?
(X1 + X2, X3 + Xg) = (X9, X2, X3, Xa) > (Xq + X2, X3 + X4)
U dense u - U
Tine(Z4) {'\Z“ » m(Z*) > A(W)
—
*

provides the positions A(W;) c Z? of the tile i € {0,1,...,10} :
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to appear in Annales Henri Lebesgue

°o—@®
ANNALES
CONTENTS EDITORIAL BOARD HENRI LEBESGUE SUBMISSION ABOUT

ARTICLES TO APPEAR

IMBERT, CYRIL: MOUHOT, CLEMEN
The Schauder estimate in kinetic theory with application to a toy nonlinear model

BRUIN, HENK; MELBOURNE, IAN:; TERHESIU, DALIA

Sharp polynomial bounds on decay of correlations for multidimensional nonuniformly
hyperbolic systems and billiards

DUBOSCQ, ROMAIN; REVEILLAC, ANTHONY

On a stochastic Hardy-Littlewood-Sobolev inequality with application to Strichartz

estimates for a noisy dispersion

BERESTYCKI, NATHANAEL; CERF, RAPHAEL
The random walk penalised by its range in dimensions d >3

LABBE, SEBASTIEN
A Markov partition for Jeandel-Rao aperiodic Wang tilings

JUNG, PAUL: LEE, JIHO; STATON, SAM; YANG, HONGSEOK
A Generalization of Hierarchical Exchangeability on Trees to Directed Acyclic Graphs

During the review process, the title changed to :

Markov partitions for toral Z>-rotations
featuring Jeandel-Rao Wang shift and model sets
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Other Euclidean model sets with H = R™

W ¢ R RIGKRT T, R

U dense v >
ine(L) e ne) 5 W)
\*/
Examples

Geometric Sturmian tilings of R v/

Sturmian sequences on Z v/

Jeandel-Rao aperiodic tilings v/

Billiard sequences in a cube (polygonal window)
Billiard sequences in a hypercube

Tribonacci sequence (window is the Rauzy fractal)
Discrete planes

Discrete hyperplanes

Penrose aperiodic tilings

AN =2 2 a2 2o
W = =N Eg NN = = Eg
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