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Wang tiles
A Wang tile is a square tile with a color on each border
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Tile set T : a finite collection of such tiles.
A tiling of the plane : an assignment

Z2 → T

of tiles on infinite square lattice so that the contiguous edges of
adjacent tiles have the same color.
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Note : rotation not allowed.
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Periods
A tiling is called periodic if it is invariant under some non-zero
translation of the plane.

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

1
1

2
2

0
0

A Wang tile set that admits a periodic tiling also admits a doubly
periodic tiling : a tiling with a horizontal and a vertical period.
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Aperiodicity
A tile set is finite if there is no tiling of the plane with this set.
A tile set is aperiodic if it tiles the plane, but no tiling is periodic

Conjecture (Wang 1961)

Every set is either finite or periodic

False :
Theorem (Berger 1966)

There exists an aperiodic set of Wang tiles.
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History

Berger : 20426 tiles in 1966 (lowered down later to 104)
Knuth : 92 tiles in 1968
Robinson : 56 tiles in 1971
Ammann : 16 tiles in 1971
Grunbaum : 24 tiles in 1987
Kari : 14 tiles in 1996
Culik : (same method) 13 tiles in 1996
Jeandel, Rao : 11 tiles in 2015
Jeandel, Rao : every set of ≤ 10 tiles is finite or periodic
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Jeandel-Rao no aperiodic tile set of size ≤ 10
3.2 Testing Wang sets for aperiodicity
We explained in the previous section how we generated Wang sets to test. We
now explain how we tested them for aperiodicity.

3.2.1 Easy cases

Recall that a Wang set is not aperiodic if

• Either there exists k so that s(T k) is empty: there is no word w,w0 so
that wT kw0

• or there exists k so that T k is periodic: there exists a word w so that
wT kw

The general algorithm to test for aperiodicity is therefore clear: for each k,
generate T k, and test if one of the two situations happen. If it does, the set is
not aperiodic. Otherwise, we go to the next k. The algorithm stops when the
computer program runs out of memory. In that case, the algorithm was not able
to decide if the Wang set was aperiodic (it is after all an undecidable problem),
and we have to examine carefully this Wang set.

This approach works quite well in practice: when launched on a computer
with a reasonable amount of memory, it eliminates a very large number of
tilesets. Of course, the key idea is to simplify as much as possible T k before
computing T k+1. Note that this should be done as fast as possible, as this will
be done for all Wang sets. It turns out that the easy simplification that consists
in deleting at each step tiles that cannot appear in a tiling of a row (i.e. vertices
that are sources/terminals) is already sufficient.

It is important to note that this approach relying on transducers (test
whether the Wang set tiles k consecutive rows, and if it does so periodically)
turned out in practice to be much more efficient than the naive approach using
tilings of squares (test whether the Wang set tiles a square of size k, and if it
does so periodically).

3.2.2 Harder cases

Once this has been done, a small number of Wang sets remain (at most 200), for
which the program was not able to prove that they tile the plane periodically
or that they do not tile the plane.

The first step for these sets was to use the same idea as before, but with a
larger memory, and additional optimizations, which involved simplifying T k as
much as possible before examining it. Two additional simplifications were used:
First, we may delete from T k tiles(transitions) that connect different strongly
connected components: using the same argument as in Lemma 4, it is easy to
see that deleting these tiles do not change the aperiodic status of T k. Second,
we have applied bisimulation techniques to reduce as much as possible the size
of the transducer T k. We want to stress that this technique proved to be crucial:
the gain obtained by bisimulation is tremendous.

8
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4 An aperiodic Wang set of 11 tiles - Proof Sketch
Using the same method presented in the last section, we were able to enumerate
and test sets of 11 tiles, and found a few potential candidates. Of these few
candidates, two of them were extremely promising and we will indeed prove
that they are aperiodic sets.
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Figure 3: Wang set T .
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Figure 4: Wang set T 0.

These sets of tiles are presented in Figure 3 and 4. Both sets are very similar:
the second one is obtained from the first one by collapsing the colors 4 and 0.

12

Source : Jeandel, Rao, An aperiodic set of 11 Wang tiles,
arxiv:1506.06492 .
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Jeandel-Rao 11 tiles set
T ={
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Some observations

horizontal lines are over T1 =

{
2

4
2
1

, 2
2

2
0

}
or

T0 =

{
1

1
3
1

, 1
2

3
2

, 3
1

3
3

, 0
1

3
1

, 0
0

0
1

, 3
1

0
2

, 0
2

1
2

, 1
2

1
4

, 3
3

1
2

}
horizontal lines over T1 are often made of runs of 2 or 3
consecutive equal tiles.
Jeandel, Rao : "It can be seen by a easy computer check that
every tiling by T can be decomposed into a tiling by transducers
T1T0T0T0T0 and T1T0T0T0."
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In the proof, a transducer among others
They get a new transducer TD which is the union of Ta ' T10000 and
Tb ' T1000. The strongly connected components of T10000 (left) and
T1000 (right) after deletion of unused transitions is :
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(a) TA, the union of s(T10000) (left) and s(T1000) (right).
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(b) TB corresponds to TA when unused transitions are deleted.
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(c) TC is the simplification of TB by bisimulation.
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(d) TD is the simplification of TC using the fact that the successions of symbols 101 and
010 cannot appear. The transducers to the left and to the right are called respectively
Ta and Tb.

Figure 7: The different steps of simplification of TA.
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Source : arxiv:1506.06492 , Figure 7 (b) at page 17.
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What is proved

7 End of the proof

7.1 Aperiodicity of T

Theorem 4. Every infinite composition of the tranducers Tn, Tn+1, Tn+2 can
be rewritten as a composition of transducers Tn+1, Tn+2, Tn+3 by replacing every
block Tn+1  Tn  Tn+1 by Tn+3. In particular, every tiling by T0, T1 and T2 is
aperiodic.

Proof. It is easy to see, given the inputs of Tn, Tn+1 and Tn+2, that every Tn
should be bordered by the transducers Tn+1.

It therefore remains to show that Tn+1 Tn Tn+1 Tn Tn+1 cannot appear.
By the previous section, Tn, when bordered by Tn+1 on both sides, can

be rewritten as concatenations of blocks of the following five types: , ✏,
✏, ✏ and ✏.

However, as Tn+1  Tn  Tn+1  Tn  Tn+1 = Tn+3  Tn  Tn+1, the block ✏

(and any block containing it) cannot appear in the execution of the transducer
Tnis impossible, as Tn+3 does not produce any input that where 100 and 000
are that close. So the only block that remain possibly is . But Tn+3 does
not produce any input where 000 and 000 are at distance g(n+ 6).

Corollary 1. The Wang set corresponding to the transducer T0 [ T1 [ T2 is
aperiodic

Corollary 2. The Wang set TD = Ta [Tb is aperiodic. Furthermore, the set of
words u 2 {a, b}? s.t. the sequence of transducers Tu appear in a tiling of the
plane is exactly the set of factors of the Fibonacci word ( i.e. the fixed point of
the morphism a! ab, b! a), i.e. the set of factors of sturmian words of slope
1/, for  the golden mean.

The set of biinfinite words u 2 {a, b}Z s.t Tu represents a valid tiling of the
plane are exactly the sturmian words of slope 1/.

See [BS02] for some references on sturmian words.

Proof. The sequence of words un we defined is the sequence of singular factors
of the Fibonacci word (see for example [WW94]). Thus, on tilings by Ta [ Tb,
the vertical sequence on {a, b} have the same set of factors that the Fibonacci
word.

Corollary 3. The Wang set T is aperiodic. Furthermore, the set of words
u 2 {0, 1}? s.t. the sequence of transducers Tu appear in a tiling of the plane is
exactly the set of factors of sturmian words of slope /(51), for  the golden
mean.

The set of biinfinite words u 2 {0, 1}Z s.t Tu represents a valid tiling of the
plane are exactly the sturmian words of slope /(5 1).

Proof. Let  be the morphism a 7! 10000, b 7! 1000. The set of all words
u 2 {0, 1}Z that can appear in a tiling of the whole plane are exactly the image
by  of the sturmian words over the alphabet {a, b} of slope 1/.

27

Source : Jeandel, Rao, An aperiodic set of 11 Wang tiles,
arxiv:1506.06492 .
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What is proved

Iit should be:

Source : Jeandel, Rao, An aperiodic set of 11 Wang tiles,
arxiv:1506.06492 .
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Another observation
... from the last slide of Michaël Rao’s talk.

���������� ��� �������
���������� �� ��� ���� �� ���� �� �����

��������� ��� �� �� �����

���� T �� TD
���� TD �� T�, T�, T�
���� Tn, Tn+�, Tn+� �� Tn+�, Tn+�, Tn+�

���� �������� � � ������ ���� ��� ����� �

�� �� ���� �� ��������� �� � �� ���� ���� �� �� ������� ������� ���

���������� ��� ϕ− � ��� ��� ����� ��� ϕ− ��

→ �������������������� �

�� �������� �� ��� �� ��������� ��� �� �� ���� �����
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The goals

Find the proof from the book for the aperiodicity of
Jeandel-Rao tilings : non-periodic + existence.
Understand the Wang shift Ω of the Jeandel-Rao tilings. Is it
minimal ? uniquely ergodic ? what is its entropy ? what is its
pattern complexity ?
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Wang tiles from codings of Z2-actions

Let D be a set,
u, v : D → D two invertible transformations s.t. u ◦ v = v ◦ u,
I and J : two not necessarily disjoint sets of colors,
D = ∪i∈IXi and D = ∪j∈JYj be two topological partitions of D.

This gives the left and bottom colors :

` : D → I
x 7→ i if x ∈ Xi ,

b : D → J
x 7→ j if x ∈ Yj .

and the right and top colors r : D → I, t : D → J as :

r = ` ◦ u and t = b ◦ v ,

that is, the right color of an element x ∈ D is the left color of u(x).
The Wang tile coding :

c : D → I × J × I × J
x 7→ (r(x), t(x), `(x),b(x)).

Let T = c(D) be the associated Wang tile set.
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Wang tilings from codings of Z2-actions

Lemma

Let
f : D → T Z2

x 7→ fx : (m,n) 7→ c(umvnx).

For every x ∈ D, fx is a Wang tiling of the plane.
Moreover the Z2-action of u and v on D is conjugate through f to
Z2-translations of the tilings.

that is,

fumvnx(m′,n′) = c(um′
vn′

umvnx)

= c(um′+mvn′+nx)

= fx(m′ + m,n′ + n)

= fx
(
(m′,n′) + (m,n)

)
.

Therefore, unique ergodicity of the Z2-action on D will imply uniform
patch frequencies in the tilings generated by f .
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A first example
Sometimes, sleeping is better than takings hours to prepare a slide.
See the board...
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A lattice, a torus and translations
Let ϕ = 1+

√
5

2 . Consider the lattice Γ = 〈(ϕ,0), (1, ϕ+ 3)〉Z.

(ϕ,0)

(1, ϕ+ 3)

On the torus R2/Γ, we consider the translations

u : R2/Γ → R2/Γ
(x , y) 7→ (x + 1, y)

and v : R2/Γ → R2/Γ
(x , y) 7→ (x , y + 1).
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A fundamental domain
A fundamental domain of R2/Γ is

D = [0, ϕ[× [0, ϕ+ 3[.

(ϕ,0)

(1, ϕ+ 3)

D

After renormalisation of transformations u and v on the torus R2/Z2,
we observe that each translation vect. is not rationally independent :(

φ 1
0 φ+ 3

)−1

=

(
φ− 1 − 4

11φ+ 5
11

0 − 1
11φ+ 4

11

)
.
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Transformations u and v on D
Transformations u and v are one-to-one piecewise translations of
pieces on the fundamental domain D.

0

1

2

ϕ+ 1

ϕ+ 2

ϕ+ 3

0 11
ϕ

ϕ

A1 A2

0 11
ϕ

ϕ

u(A2)u(A1)

0 11
ϕ

ϕ

B1

B2 B3

0 11
ϕ

ϕ

v(B1)

v(B2)v(B3)
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The color codings
The left, right bottom and top color codings satisfying r = ` ◦ u
and t = b ◦ v .

0

1

2

ϕ+ 1

ϕ+ 2

ϕ+ 3

left color
` : D → I

0 11
ϕ2

1
ϕ

ϕ

2

1
1

30

3

0
00

right color
r : D → I

0 11
ϕ2

1
ϕ

ϕ

2

1
1

0
1

3

0
0

bottom color
b : D → I

0 11
ϕ2

1
ϕ

ϕ
111

444

2

1
1

000

3

top color
t : D → I

0 11
ϕ2

1
ϕ

ϕ
444

2

1
1

000

3
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The tile coding
We deduce a coding function c : D → T

where T is the Jeandel-Rao tile set.
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ϕ
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0 11
ϕ2
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ϕ
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0
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0
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2
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2
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2
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2
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The tile coding
We deduce a coding function c : D → T
where T is the Jeandel-Rao tile set.
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ϕ
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2
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Some Jeandel-Rao tilings
Moreover we have the following result as an application of Lemma 1.

Proposition
Let D = [0, ϕ[× [0, ϕ+ 3[ with commuting transformations u and v,
{Xi}i∈I and {Yj}j∈J be partitions of D defined in the previous figures.
For every x ∈ D, the function

fx : Z2 → T
(m,n) 7→ c(umvnx)

is a Wang tiling of the plane made of the Jeandel-Rao tile set T .
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Frequency of patterns

Corollary

Since Lebesgue measure is the only invariant mesure on R2/Γ which
is invariant under both translations u and v, we have unique
ergodicity of the tiling space

{fx | x ∈ D}

from which we deduce existence of pattern frequencies.

3
1

0
2

: 5/(12ϕ+ 14) ≈ 0.1496

2
4

2
1
, 2

2
2
0
, 1

2
3
2
, 0

0
0
1
, 1

2
1
4

: 1/(2ϕ+ 6) ≈ 0.1083

0
1

3
1

: 1/(5ϕ+ 4) ≈ 0.0827

3
1

3
3
, 0

2
1
2
, 3

3
1
2

: 1/(8ϕ+ 2) ≈ 0.0669

1
1

3
1

: 1/(18ϕ+ 10) ≈ 0.0256
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Is it a complete description ?

Question
If Ω is the Wang shift of all Wang tilings made of the Jeandel-Rao tile
set T , do we have

{fx | x ∈ D} = Ω ?

Short answer : I believe yes...
Let us do the induction of v on [0, ϕ[×[0,1[.

0

1

2
ϕ+ 1

ϕ+ 2

ϕ+ 3

0 11
ϕ

ϕ
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Is it a complete description ?

Question
If Ω is the Wang shift of all Wang tilings made of the Jeandel-Rao tile
set T , do we have

{fx | x ∈ D} = Ω ?

Short answer : I believe yes...
Let us do the induction of v on [0, ϕ[×[0,1[.

0

1

2
ϕ+ 1

ϕ+ 2

ϕ+ 3

0 11
ϕ

ϕ
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Recall the tile coding

c : D → T

0

1

2

3

4

ϕ

ϕ+ 1

ϕ+ 2

ϕ+ 3

0 11
ϕ2

1
ϕ

ϕ

0
0

0
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0
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0
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3
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0
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0
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0
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2
1
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4

2
1
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2
2
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The transducer that we get from the induction of v on [0, ϕ[×[0,1[ is :
20330 21030

21033

21103

21113

21130

21300

21310

21330

23100

23300

0|0

1|0

1|0
1|1

1|1 1|1
1|1

0|0

1|0 1|0

1|1

1|1

0|0

0|0

0|0

20302033

2103

2113

2130

2133

2300

2310

2330

0|00|1

0|1

0|1

1|1

0|1
1|1

1|1

0|0

0|1

0|0 0|1
0|1

Recall Figure 7 (b) page 17 of Jeandel-Rao preprint :

20330 21030

21033

21100

21103

21113

21130

21300

21310

21311

21330

23100

23300

23310

1|0

1|1
1|0

1|1

1|1

1|0

1|1
1|1

1|0
1|0

1|1

1|2

1|3

1|1

0|00|0

0|0

0|0

0|0

0|0

0|1

20302033

2100

2103

2110

2111

2113

2130

2131

2133

2300

2310

2311

2330

2331

1|0

1|1

1|1

1|1

1|2

1|3

1|1

1|1

1|2

1|3

1|2

0|0
0|1

0|00|1

0|1

0|0

0|1

0|1

0|0

0|1

0|1

0|0
0|1

0|2

0|3

0|1

0|2

0|3

(a) TA, the union of s(T10000) (left) and s(T1000) (right).

20330 21030

21033

21103

21113

21130

21300

21310

21330

23100

23300

23310

1|0

1|1
1|0

1|1

1|1
1|1

1|0
1|0

1|1

1|1

0|00|0

0|0

0|0

0|0

0|0

0|1

20302033

2103

2113

2130

2133

2300

2310

2330
1|1

1|1

1|1

0|0

0|1

0|0
0|1

0|1

0|1

0|0

0|1
0|0

0|1
0|1

(b) TB corresponds to TA when unused transitions are deleted.

a

b

c

d e f

gh

i j
1|0

1|1
1|1

1|1

1|0
1|0

1|1

1|1

0|00|0

0|0

0|0

0|0

0|1
K

L

M N O

P

Q

R
1|1

1|1

1|1

0|0

0|1

0|1

0|1

0|0

0|1
0|0

0|10|1

(c) TC is the simplification of TB by bisimulation.

a

b

c

d e f

gh

i j
1|0

1|1
1|1

1|1

1|0
1|0

1|1

1|1

0|00|0

0|0

0|0

0|0

0|1

K

L M

M’

N O

O’

P

QR

1|1

1|1

1|1

0|0

0|1

0|1

0|1

0|00|1
0|0

0|10|1

0|01|1

(d) TD is the simplification of TC using the fact that the successions of symbols 101 and
010 cannot appear. The transducers to the left and to the right are called respectively
Ta and Tb.

Figure 7: The different steps of simplification of TA.
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In f (D), patterns 21330
0|0−−→ 23310

0|1−−→ 21103 and 2030
0|0−−→ 2310

have frequency zero... (why ?).
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A surrounding of 21330
0|0−→ 23310

0|1−→ 21103
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The questions

Find the proof from the book for the aperiodicity of
Jeandel-Rao tilings :

non-periodic
existence (done).

Can we find a tiling in Ω, giving a positive frequency to patterns

21330
0|0−−→ 23310

0|1−−→ 21103 and 2030
0|0−−→ 2310 ?

Understand the Wang shift Ω of the Jeandel-Rao tilings. Is
(Ω, shift) minimal ? uniquely ergodic ? is f (D) = Ω ? what is its
pattern complexity ? what is its entropy ?
Can we generalize Jeandel-Rao tilings to other Pisot numbers ?
What are the structure of the other aperiodic tile sets of
cardinality 11 found by Jeandel-Rao ?

References : Slides of Mickaël Rao and Jarkko Kari which were
very helpful to prepare mine are available at :

http://www.crm.umontreal.ca/2017/Pavages17/horaire_e.html
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