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Perron’s theorem says that the spectral radius of a positive matrix is a simple
eigenvalue strictly greater than the modulus of the other eigenvalues. In the
classical geometric representation of Coxeter groups, matrices are never positive
but their spectral properties seem to be like positive matrices. In this talk, we
show a criterion to check if the spectral radius of a real matrix (corresponding
to an element of a Coxeter group) is a simple strictly dominant eigenvalue. If
time allows, we will present open problems in the study of fractals and Coxeter
groups that motivate this work.

This is a joint work with Jean-Philippe Labbé.















In [40]: def roots(G, depth):
L = []
for i in range(depth):

for w in G.elements_of_length(i):
for column in w.canonical_matrix().columns():

column = tuple(entry.real() for entry in column.n())
L.append(column)

return L

def draw_roots(G, depth):
R = roots(G, depth)
P = points(R)
if len(R[0]) == 2:

P.show()
elif len(R[0]) == 3:

P.show(viewer='tachyon')
else:

raise NotImplementedError

In [22]: G = CoxeterGroup([[1,2,3],[2,1,7],[3,7,1]])
G

In [23]: draw_roots(G, 15)

Out[22]: Coxeter group over Universal Cyclotomic Field with Coxeter matrix:
[1 2 3]
[2 1 7]
[3 7 1]
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In [41]: def normalized_roots(G, depth):
R = roots(G, depth)
L = [vector(root)/sum(root) for root in R]
return L

sqrt2 = sqrt(2)
sqrt3 = sqrt(3)
M3to2 = matrix(2,[-sqrt3,sqrt3,0,-1,-1,2],ring=RR)/2
M4to3 = matrix([(1, 0, -1/sqrt2),

(-1, 0, -1/sqrt2),
(0, 1, 1/sqrt2),
(0, -1, 1/sqrt2)], ring=RR).transpose()

def draw_normalized_roots(G, depth):
R = normalized_roots(G, depth)
if len(R[0]) == 3:

P = points([M3to2*root for root in R])
P.show(frame=False)

elif len(R[0]) == 4:
P = points([M4to3*root for root in R])
P.show(viewer='tachyon')

else:
raise NotImplementedError

In [39]: draw_normalized_roots(G, 15)
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